We discuss the use of operations research methods for computer-aided design of mechanical transmission systems. We consider how to choose simultaneously transmission ratios and basic design parameters of transmission elements (diameters, widths, modules and tooth number for gears, diameters of shafts). The objectives, by the order of importance, are: to minimize the deviation of the obtained speeds from desired; to maximize the transmission life; to minimize the total mass. To solve this problem, we propose a multi-level decomposition scheme in combination with methods of quadratic and dynamic programming. Some industrial cases are solved. For these cases, the developed software tool improves the design decisions by decreasing total metal consumption of the transmission as much as 7-10% and considerable simplifies the work of the designer.
Introduction
In this paper, we present a new and interesting application of the Operational Research. This application concerns computer-aided design of complex mechanical power transmission systems.
We show that the choice of transmission ratios and basic design parameters of transmission elements can be formulated as an optimization problem and we develop dedicated optimization methods based on a multi-level decomposition procedure [14, 16] and advanced operational research techniques.
Transmission systems are crucial components of many machines and mechanisms. Ken Hurst [10] highlights that whether you're designing power plants, cars, or washing machines, the power transmission system is an integral component responsible for product success or failure.
The components that compose a power transmission system include that which transfer power directly (coupling and shaft), speed/torque multiplication components (gears, belt drives, etc.), and related mechanisms (clutches, brakes, etc.) [4] .
Transmission design is a very complex problem. In literature, the main publications concern the design of specific elements such as spring, gears, and shafts, see for example [13, 17, 19, 23] .
Some methods were suggested for structural and parametric synthesis for some kinds of transmission [9, 13] . transmission ratios of selected gears (kinematic chain). So, changing transmission ratio of a gear modifies the speeds for all kinematic chains involved.
Possible transmission ratios for a gear are defined by the range of their available values and also by feasible speeds of the corresponding shafts. When designing a power transmission system, the nominal speeds of the output shaft as well as the nominal speed of the engine are given. It is necessary to choose a transmission ratio for each gear in such a way that all the desired nominal speeds of output shaft are provided as closely as possible. Actually, these speeds cannot be obtained precisely due to intersections of the kinematic chains (when we change a gear ratio for a chain, other chains, which use the same gear, are also modified).
Other important considerations for transmission systems are their mass and lifetime. The mass of transmission elements (gear, shaft) is defined by its design parameters (diameters, widths, modules and tooth number for gear, diameters of shafts). As for the transmission lifetime, it depends on the design parameters and load conditions. We consider the problem of determining the following design parameters:
• gear transmission ratios;
• basic design parameters of transmission elements (for gears: types, diameters, widths; for shafts: diameters, etc).
The input data is:
♦ the desired nominal speeds of the output shaft; ♦ load conditions and total working times of the output shaft for each kinematic chain; ♦ ranges of possible values for transmission ratios of gears; ♦ ranges of possible values for absolute speeds of shafts; ♦ total transmission life (taking into account contact and bending fatigue of gears and static rolling strength of shafts); ♦ characteristics of materials used.
In this paper, we suppose that the structural scheme of the transmission (or some variants of this scheme) has been selected at previous design stages and that the load conditions of actuator are known. We assume that the total transmission life is principally determined by the lifetime of "bottleneck" element.
Mathematical model
We use a finite acyclic directed multigraph G=(V, E) for representing the structural scheme of the transmission. This digraph has one initial node s and one terminal node t. These nodes correspond to the input shaft of the transmission (for example, the engine shaft) and the output shaft, respectively. The nodes v∈V′ =V \{s, t} represent intermediate shafts of the transmission, arcs from E correspond to the gears of the transmission. Each kinematic chain from the input shaft s to the shaft v ∈ V \{s} defines in one-to-one manner a path in G from node s to node v.
For the example of transmission given in Fig. 1 , the digraph G is shown in Fig. 2 . 
-the desired speed of the output shaft for the kinematic chain p k (t) by C k , k= 1, 2,…, r(t).
The speed of shaft v ∈V for the kinematic chain p k (v)∈P(v) and fixed x(e), e∈p k (v), is defined as follows:
Here and later in the paper:
For the given engine power, the load conditions of the output shaft of the transmission system and each value from C, we assume that load conditions of the shaft v∈V and of the gear e∈E can be defined by collections N(v, x) and (x(e), N(v 1 (e), x)), respectively. Based on well--6 -known methods for calculating transmission elements (see for example [13, 17, 19 For the method developed in this paper, we consider the functions (i), (ii) as a sort of black box. To simplify the presentation, in the remaining text (when it is possible) we will use for these functions the notation T v , T e , M v and M e , i.e. without parameters.
A transmission ratio is the ratio of the tooth numbers of 2 corresponding toothed wheels. In real life problems, teeth numbers are usually varied from 12 to 100. So, for any desired transmission ratio, we can find the corresponding number of teeth for each wheel with a sufficient, for this design stage, precision. Thus, we can relax the constraint on the discreetness of possible gear transmission ratio values caused by the integrality of teeth numbers. Moreover, we relax the interdependence between the longevities of the transmission elements; this will be taken into account in following design stages.
From practical point of view, and taking into account the design specificity, the main criterion is the deviation of the output nominal speeds from the desired values. The second criterion in the order of importance is the lifetime, and the last criterion is the mass of the transmission system. Therefore, the considered design problem is reduced to the following multi-criteria optimization problem with lexicographical order of criteria:
u(e) ∈ U(e), e∈E.
Here the coefficients
..,r(t) characterize the relative importance of desired values
C k of speeds. The first criterion (1) is to minimize the deviation of the obtained speeds from the desired speeds. The second (2) is to maximize the transmission life, and the third (3) is to minimize the total mass of the transmission.
Optimization approach

Decomposition scheme
The problem (1-7) is a optimization problem where the functions T v , T e , M v and M e are defined algorithmically. To solve this problem, we propose the following multilevel decomposition:
1. At the first stage, we minimize the function g 1 (x) over a set of all feasible x satisfying kinematic constraints (4), (5) . As a result, a vector 
Problem A
For solving problem A, we transform it into logarithmic coordinates by change of variables
2 ) ( 0 ) (
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It is easy to see that the constraints (9)- (11) are not compatible if
The values ) (v μ and ) (v μ can be found by using shortest (or critical) path algorithm for acyclic digraph G with arc lengths ln x (e) or ln x(e), respectively.
The problem (8) - (11) is a quadratic programming problem with linear constraints. The number of each of constraints (10) - (11) in real life problems A can be sufficiently large and in general is equal to the number of all paths in digraph G from the vertex s to all other vertices.
However, as a rule, the number of active constraints is no more than |V'|. For example, for the digraph of a tractor transmission system with 17 shafts and 27 gears the number of variables is equal to 27 and the number of constraints (10) - (11) can be more than 800.
For solving the problem A, we use an overall scheme of constraint relaxation [15] . Initially, this problem is solved without constraints (10)- (11), and then we add step by step the constraints that are not valid for the solution obtained for the previous set of constraints. For fixed set of constraints, a current sub-problem is solved by well-known methods of quadratic programming.
At each step for each vertex v, we add only those invalid constraints (10) - (11) , which have the greatest discrepancies. These paths (which correspond to such constraints) can be also found by a shortest path algorithm.
Problem B
The problem B is to minimize the function g 3 (u,w) for fixed τ ∈Δ and C k * , k=1,..., r(t), under constraints (4) - (7) and the additional constraints:
For solving the problem B, we construct on the base of the mentioned above functions T v , T e , M v and M e the procedures for determining
Then the problem B can be stated as follows:
,…,r(t).
For solving the problem B, we propose a method based on a system of invariants. Since the speeds of the output shaft are fixed, then the speeds of the same intermediate shaft are
interconnected. The following theorem establishes this property.
Theorem. For any x∈X, v∈V and e∈E values
, and n k (v,x×γ)=n 1 (v,x), where λ k (v) and γ(e) are constants.
Here x×γ is component-wise multiplication of vectors x and γ. The proof of this theorem can be found in [8] .
Values λ k (v), γ(e) for all v∈V and e∈E can be determined before solving the problem B. 
where f e * (y)= M e * ( y(v 1 (e)) / y(v 2 (e)) / γ(e), y(v 1 (e)), y(v 1 (e)) λ 2 (v 1 (e)),…, y(v 1 (e)) λ r′ (v 1 (e)) ), If a digraph G has at least one cutpoint, the graph G is called series decomposable. In such a
, …, m, be a graph generated by all the paths from v i
We assign to the arc ε i the range
and γ(ε i )=1, where P(v i ,v i+1 ) is the set of all paths in G from v i to v i+1 . As a result, the graph G(V c ) is a path and the problem (12) - (16) can be transformed into the following:
where
For solving the problem (17) - (21), we transform the digraph G(V c ) into another digraph H of possible shaft speeds, where each vertex of G(V c ) is replaced by a set of vertices of digraph H (see Fig. 3 ).
[Insert Fig. 3 about here]
Each vertex of digraph H corresponds to the speed of the shaft respectively to the replaced vertex of the digraph G. All the vertices of the digraph H, obtained from adjacent vertices of the digraph G, are connected by an arc. In order to obtain vertices of the digraph H, the corresponding speed ranges are discretized. Therefore, the size of the digraph H depends on the discretization factor.
Thus, the problem (17) - (21) is reduced to a shortest path problem in the digraph H. We solve this problem using a dynamic programming method.
The problem of calculating F i (y′, y″) for fixed y′ and y″ is of the same nature as the problem (12) - (16) independent sub-problems with digraphs
Such decomposition cases are illustrated in Fig. 4. [Insert Fig. 4 about here] 
Industrial examples
First, we give the calculation results for the considered transmission system (see Fig. 1) . The corresponding digraph G is presented in Fig. 2 .
For this example, the following input data is used: Table 1; -composition of kinematic chains, their desired nominal speeds and the loading conditions of the output shaft of the transmission are given in Table 2 .
[Insert Table 1 about here] [Insert Table 2 about here] For strength calculation of gears and shafts the following characteristics of materials are used:
-the hardness of gear teeth is 59 HRC; -the contact fatigue limit is 420 MPA; -the bending fatigue limit is 1130 MPA; -the yield point of shafts is 580 MPA.
Results of solving the problem A for three different collections of importance coefficients α k are presented in Table 3 . By changing coefficients α k , we can control the closeness of some components of vector C* to the desired values thanks to others.
[Insert Table 3 Table 4 . In this Table d 1 (e) and d 2 (e) are diameters of drive and driven wheels of gear e, ψ(e) is the width of gear ring. In each cell of the table three values of design parameters corresponding to different values of the total transmission life are separated by slash (/). The total mass of gears and shafts for τ=3000 is equal to 424 kg, for τ=5000 is 440kg and for τ=7500 is 455 kg.
[Insert Table 4 about here]
The problem B is usually the most time-consuming in the suggested decomposition approach.
In Table 5 we give the time of solving this problem for industrial examples with different discretization factor on PC Pentium IV 2.6 GHz and RAM 512 Mb. The ranges of possible shaft speeds were discretized using geometric progression with the factor q > 1.
[Insert Table 5 about here]
The experiments show that usually the discretization factor can be taken as 1.01-1.005. As a rule, subsequent its decreasing does not result in essential improvement of the obtained solution.
Summary and conclusions
A novel application of operational research techniques is provided. It concerns a vital industrial problem of the optimal design of power transmission systems. A multilevel decomposition approach is used. The models and methods for main sub-problems are developed based on advanced techniques of graph optimization, quadratic and dynamic programming.
The proposed approach permits a good quality approximate solution of the design problem.
The developed methods were used for creating a computer aided decision support system of -16 -transmission design [3, 6, 7] . This system is oriented to active participation of an experienced designer in decisions. It was tested at Minsk tractor plant for solving real life design problems.
The use of this system has confirmed that, during 2-3 sessions on a conventional PC, a designer can analyze and optimize the main design decisions. Such detailed analysis cannot be performed by conventional methods.
The system improves the design decisions by decreasing total metal consumption of the transmission as much as 7-10% and considerable simplifies the work of the designer. Table 1 . Ranges of transmission ratios of gears and nominal speeds of intermediate shafts Table 2 . Nominal speeds and loading conditions of the transmission system Table 3 . The solutions of problem A for different importance coefficients α k Table 4 . The design parameters of gears and shafts for Δ={3000,5000,7500} 
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